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Abstract

Errors from the intended performance of a system,

composed of specialized co, ponents, could be due to any

number of sub-system fluctuations. This thesis will

examine the effect of these resultant errors on the
mission of the system involved. In particular, errors

in an interceptor's booster performance (seen as position

and velocity errors at burnout) will be propagated along

the interceptor's orbit to a given target point and the

resultant error at the intercept point will be found. A

range of intercept orbits will be examined to determine if

9 there is a family of particular intercept orbits that give

the minimum position errors at the intercept point. Con-

clusions will be made as to what typical intercept trajec-

tory should be flown against a certain type of target so

as to minimize the resultant free flight error propagation

to the intercept point.
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I Introduction

Background

In the problem of intercepting any orbital target,

there are always inherent abberations in the interceptor

system components which cause deviations from the desired

trajectory during the course of the intercept. The un-

planned errors in the flight path could be due to any number

of factors which could effect the targeted vehicle in

reaching it's programmed orbit. These deviations are

caused by unavoidable design and manufacturing flaws in

9 the components that compose the missle booster system, such

as fluctuations in the burn of the rocket motor during

orbital insertion or small errors caused by a slightly

inaccurate guidance package. All of these factors contri-

bute to position and velocity errors which occur during the

powered phase of the mission,- - up to booster burnout.

Hence, the errors generated during the powered portion of

the flight will be the ultimate causes of errors in position

and velocity of the interceptor at it's planned target

point termination.

I1



Objectives

This study will be concerned with investigating how

the inherent errors of a missle intercept system effect

the final targeting of the interceptor involved. Depending

on the capability of the booster system, each interceptor

has the versatility to reach an orbital target using a

variety of trajectories, with each programmed to intercept

the body at a different point in it's orbit. Knowing the

accuracy characteristics of the booster system being used

allows the propagation of each possible intercept trajectory,

over a variety of times-of-flight, which give an elliptical

intercept path. Once the flight path is traced to it's

termination at the target's orbit, the deviation from the

proposed intercept point can be found by comparing the ideal

(no error) orbit and corresponding intercept point to the

actual orbit found through propagation of the error

ellipsoid from booster burnout to the target's orbital

path. Thus, given an error covariance matrix modeling the

position and velocity errors at burnout, this covariance

matrix can be propagated by means of a state transition

matrix to the predicted intercept point to give a covar-

iance at intercept. Then, examination of the eigenvalues

and eigenvectors of this final covariance matrix results

in the generation of an error ellipsoid for the interceptor

2



at the desired target point. This error ellipsoid can

then be sliced approDriatly to indicate deviations from

the intended intercept point in the cross track directions

of the target's orbit. This final process gives actual

miss parameters at the intercept point from the target body

in question. Repeating this process over the range of

possible intercept trajectories will give data which can

be examined to find the family of trajectories for which the

minimum cross track intercept errors are achieved.

Research

In my research for previous work, or corresponding

effort on my topic, I found no data or documentation on the

subject. This was to be expected due to the uniqueness of

the problem. I did, however, uncover many items that proved

invaluable in the development of this project. Several

supportive references were found which aided in the extensive

orbital dynamics modeling which was done in the program.

The typical off-the-shelf general references proved invaluable

in helping me answer the "obvious" questions throughout the

project.
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II Computer Simulation

Assumptions

A computer program has been developed to simulate the

aspects of this problem, as previously outlined. For the

purposes of this study, it will be assumed that both the

orbital target and the interceptor are under the influence

of two-body effects only. Since the typical intercept orbit

would probably be an elliptical one, due to launch and

booster constraints, only elliptical intercept orbits will

be examined to further simplify the process. It is also

assumed that the satellite's orbital position at launch is

perfectly known; thus, the only errors present at the inter-

cept point will be due to position and velocity deviations

of the interceptor. The time between receiving the initial

satellite position data and launch is assumed to be zero,

and an instantaneous burn time of the interceptor's booster

is also assumed. In order to simplify the implementation

of the many orbital dynamics formulas needed, a universal

variable approach will be used throughout the project.

Proarammina Considerations

Initially, launch site data will be inputed to find the

i .. ...." .... .. . . .. ... / .. .. .... .. ..... ., T,. ..I 'T ... .



position of the launch site in inertial space. Satellite

data, in the form of a classical element set for the target

satellite in question, will also be inputed to find the

initial position and velocity of the satellite, also in

inertial space. An initial time-of-flight for the inter-

ceptor will be chosen and it's corresponding orbit to the

intercept point (the point where the target satellite would

be after that time-of-flight had elapsed) will be computed.

A test will be made to see if this computed orbit is

elliptical. If this orbit is not elliptical, then the time-

of-flight will be'iterated, and the initial proceedure

repeated until an elliptical intercept orbit is found.

9 Once this is accomplished, the state transition matrix for

that particular elliptical orbit will be computed. This

state transition matrix will be used to propagate a covar-

iance matrix, representing the position and velocity errors

of the interceptor at the booster's burnout point, from the

burnout point to the given intercept point. Thus, a covariance

matrix will be found at the intercept point, representing the

propagated position and velocity errors of the interceptor.

By examining this final covariance matrix, conclusions can be

made as to the effect initial booster launch errors have on

the final miss parameters, associated with the interception

of the target satellite.

I



Comouting The Launch Site Coordinates In Inertial Space

This initial phase of the program was designed to allow

the earth location of any possible site to be entered, as

well as the date and time of launch, to allow flexibility

in the final simulation. Inputed data consisted of the

latitude and longitude of the site, it's elevation above

sea level, and the year, day, and time of launch. A sub-

routine was developed to determine the local sideral time

of the launch site given the site's longitude and the year,

day, and time of launch (Ref 1,10 3-1o). Then, knowing the

latitude, altitude, and local siderial time of the site, a

subroutine was developed to determine the position of the

site in the topocentric reference frame. This position

vector was then transformed by means of an appropriate

rotation matrix to give the position vector of the launch

site in the inertial frame (see Fig I), (Ref 1,98).

Computinp The Satellite's Initial Position In Inertial Space

In computing the satellite's position at epoch, or

launch, data from a typical element set, which would be

received at the launch site from the NORAD space track

system, was used. This was composed of the length of the

semi-major axis of the satellite's orbit, it's orbital

eccentricity, it's inclination, the longitude of the

6
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Figure 1. Relationship Between S-E-Z and I-J-K

ascending node, the arguement of perapsis, and it's true

anomaly , (see Fig 2-). Knowing these para-

meters, the initial position and velocity of the satellite

can be expressed in vector form in the perifocal coordinate

system by the following equations(/4-4 - 72-):

where 4

and in universal variables . _ z.

?
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! Figure 2. Orbital Elements

The transformation of coordinates between the perifocal

system (PQ,v) and the inertial system (r,?rkl can be

accomplished by means of a rotation matix Z(Ref I,82).

Thus, if ( are the components of a vectora in the

perifocal frame, then the coordinates of that vector in the

inertial frame are given by,

~8



where.
Rif A?,a R13

.* I ]," o ,Z .© 5A,.. t,, cz.

Rif.- -.C.S Q - in _a .. W COS

: / z, =  $;N a03 c as A -Y i'..;,v (^ cat. - o . wO c s . c , (,.3 .s

w--a

(~CO 3 Z

Having determined the elements of the rotation matrix, it

only remains to find )' and P~in terms of "the inertial fr~ame

components (X, ,K). Thus,

".- F=, I. =.,. && J
avinHence, the satellite's position and velocity vectors in the

inertial frame are now known at epoch ( i;launch time).

FHnc The atellite's Position At The Intercept Point

In computing the orbit needed for intercept, the time-

9
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of-flight for the interceptor was chosen as a variable

which would give a resultant elliptical intercept orbit.

Due to the fact that the launch time was chosen to coincide

with the epoch time for which the initial position of the

target satellite was computed, the intercept point will be

the point on the satellite's orbit where it will be located

after traveling the chosen time-of-flight for the interceptor.

Thus, the first step in computing the intercept orbit is

finding the intercept point. This is done by up-dating the

satellite's position from it's initial location at epoch

Ct=o) to it's resultant location , marked by the satellite's

travel during the time-of-flight of the interceptor. This

prediction problem can be stated as follows,

where t is the time-of-flight of the interceptor. (see

Fig 3).

The solution consists of solving the Kepler problem for

the satellite as it travels from P to V in the given time-

of-flight. The initial step is to compute the universal

variable X, which is defined by the relation XI '/ .

Kepler's time-of-flight equation expressed in universal

10



4

..1

Figure 3. The Kepler Problem

variables is soley dependent on X and the initial position

and velocity of the satellite, as seen here:
7-OF=~~~~~~ + c ( ) -- r. x

where: s (S-- S~i=A i -)m
C- CI- Co, 5 )/T

An intermediate step in finding the radius and velocity

vectors at a future time is to find X when time is known.

Since equation (7) is trancendental in X , a trial and

error solution is indicated. Fortunately, the * vs

J1



curve is well-behaved and a Newton iteration technique can

be used to solve for X when the time-of-flight is given.

If a trial value for ) is chosen, call it XN, then

-rOF,(z ( .)4 + (I- MV)45 + rXN 8

wherei: INP is the time-of-flight corresponding to the

given .4 and trial value XN.

A better approximation for XM is then obtained from the

Newton iteration algorithm:

SX +(9)

where, is the given time-of-flight and is the

slope of the t vs X curve at the trial point Xm. Now,

knowing X we wish to calculate the Frand K vectors in

terms of X I I X. These vectors can be expressed in

terms of scalar quantities dependent on X as follows:

7"(1.0)

where,

Thus, the satellite's position and velocity up-dated by the

chosen time-of-flight for the interceptor is now known,

Having the satellite's position gives us the data for the

interceptor's orbit: the initial position at launch and the

final position at intercept.

12
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Figure 3. The Kepler Problem

variables is soley dependent on x and the initial position

and velocity of the satellite, as seen heret

" - . r --X (7)
wheres s 7-a Cs ; -)

C¢ C,- CO'sFW -a
7-, x "/14

An intermediate step in finding the radius and velocity

vectors at a future time is to find ) when time is known.

Since equation (7) is trancendental in X , a trial and

error solution is indicated. Fortunately, the * vs

4
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Compute The Orbit Between The Launch And Intercept Points

At this point, both the launch point and intercept

point of the interceptor are known. It is now necessary

to find the orbit between them. In other words, given fl

(launch site radius vector), ra (intercept point radius

-Ivector) and the time-of-flight from k, to a , find ,

and where , is the velocity vector at launch needed to

intercept at ra and Kis the interceptor's velocity at t•

Here, the time-of-flipht is known and is simply the chosen

time-of-flight for the interceptor. Thus, the solution of

the generalized Gauss problem in universal variables will

give the needed orbit. A subprogram was developed to solve

the Gauss problem. Initially, from r and rz , the constant

A was evaluated, where:
S (12)

Here,AV was evaluated by finding the angle between and

r* . A trial value for 2 was then chosen and the functions

Sand C were evaluated for the selected trial value for

H where the series representations for 5 and C were used

to eliminate instability problems when Z is near zero.

= I! - ! s-,. . (13)

-W - Z Pa Z 14Z! 13

ilk 13
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In the actual program, the first four terms in these series

were used. -

(15)

/ (16)

Next, the auxiliary variable Y was found from:

A(17)
and A was determined from:

X= 3Y/c (18)

Now, the trial value for was checked by computing tN

frDm, "e-- = 3 S +AST (19)

and it was compared to the desired time-of-flight which is

the given time-of-flight chosen for the interceptor. If it

is not nearly the same, the trial value of 6 is obtained,

within some convergence criterion. A Newton iteration

scheme for the adjustment of 2 was used, much like that usO

w 4Az pmEvcus .stzo,and was implemented as follows:

where t desired time-of-flight

4-. is given in equation (19)

14
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Here, again, instability problems could occur for a small

value of Z . Thus, series expansions for S and C" were

used when 9 is small and the function representations for

" and C" were used otherwise. When the method has con-

verged to a solution, the functions F, , and were

evaluated from: (

(23)

Y (24)

7 ,, (25)

Now, since r,= 04 we can compute V from:

_____(26)

and similarly: .

(27)

Thus now, both the intial position ( r, ) and velocity ( ,

and the final position ( r. ) and velocity a. ) of the

interceptor are known, and hence, so is the intercept orbit.

(see Fig 4)

15
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Figure 4. Intercept Problem

State Transition Matrix

The states at both the launch point and the intercept

point are now completely defined in terms of inertial

position and velocity vectors. The transition matrix

between these two states can now be found by taking the

partials of the state at the intercept time with respect

to the partials of the state at the intercept time with

respect to the partials of the state at the launch time

(Ref 31129)t ~ T~cd.r

This was done numerically by perturbing each state element

at launch by a small amount and calculating the resulting

16



new orbit over the same time-of-flight. The difference

between the final perturbed state and the initially known

state at intercept, divided by the amount of the initial

perturbation, gives the elements of the state transition

matrix between the two states, .. This transition matrix

will be used to propagate covariances over the known iner-

tial orbit.

Covariance Matrix Provapation

At the burnout point of the booster, a covariance

matrix was developed to reflect the Dosition and velocity

errors due to booster performance. These error parameters

were treated as input to the program. Thus, the position

and velocity sigmas were inputed, transformed from the MKS

to the universal variable system, and squared to give the

diagonal elements of the booster covariance matrix at

burnout, which is itself a diagonal 6 x 6 matrix. The

upper three diagonal elements of the matrix represented the

position sigmas while the lower three diagonal elements

represented the velocity sigmas. Then, using the state

transition matrix for the given intercept orbit, this

covariance matrix was propagated from the burnout point

to the intercept point along the intercept orbit. This

was done via the following equation (Ref 2)s

17'J



where: /4  R, 4 IAe7zp-

P' s CovA , ,PZ4T7-,< 4-r /I2t,,T

The justification for the use of the above transformation

equation is seen in the following derivation (Ref 3):

S J (t t (4) ((f7lNSI)TIoN -

- 'E [X .:,,.) 40 C (tI) S ' (. 6' o 0)]

_I ,to) 4) PA C

where: indicates the expected valus of the

bracketted quantity. Since this thesis is interested in

only the resultant Position errors at intercept, the pro-

pagated covariance matrix was examined and the upper 3 x 3

sub-matrix was extracted. This sub-matrix represents the

propagated position errors at intercept since the initial

18



covariance matrix was developed by placing the position

error elements in the upper diagonal locations of that

matrix. This position sub-matrix represents the position

errors at intercept with respect to the interceptor's

orbit: i , the deviations from the intended intercept

point referenced from the track of the interceptor's

orbital path. However, the items of interest are the

deviations from the location of the intended target

relative to that target. Thus, the position sub-matrix

requires a transformation so as to reflect the actual

position errors referenced to the relative velocity vector.

This was accomplished by a rotation of the position covar-

iance matrix, rotating about the relative velocity vector

between 'the satellite and the interceptor. This was done

by realigning the basis vectors of the error ellipsoid

along the relative velocity vector between the inter-

ceptor and target satellite (see Fig 5). This rotation

matrix was developed as follows (Ref 1:61):

R. , # Cos; o

Si N 0 =c3.o Cos3

19
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Figure 5. Slice Ellipsoid To Obtain Relative Error Axes

Using this rotation matrix, the position covariance matrix

was rotated into the relative velocity vector as follows

(Ref 2): Given initial covariance elements TjF and desired

rotated covariance elements ,

j' R " RJR (4)

~"= e&'JzSO CR4IT

pRi(

C-3-7
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Now the position error ellipsoid at the intercept point

. Irelative to the satellite is known (see Fig 6). It now

remains to find the actual miss distances from this covar-

lance matrix. Due to the intercept problem involved, the

in-track errors, those errors that indicate if the inter-

ceptor is either in front of, or behind the target at

intercept, are of no real interest to this study, for

they simply dictate if the intercept should occur a little

sooner, or later, than expected. Thus, the row and column

of the position covariance matrix that reflect the in-track

errors were eliminated, leaving a 2 x 2 matrix representing

the cross-track errors at intercept. The eigenvalues of

this matrix were then found and their square roots were

taken to determine the axis lengths of the cross-track

error ellipsoid at the intercept point. Once these

principal axis lengths were converted back to the MKS

system, these lengths represented the propagated miss

distances from the target point (in meters). These error

ellipsoid axis lengths, representing the error from the

center of the ellipse to a point on it's edge, are one

sigma errors. They represent a 68% confidence level.

Dub to the linearity of the error propagation process,

the three sigma or 99% confidence level can be found by

simply multiplying the errors by a factor of three.

21
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Thus, the error ellipsoid footprint cross-track to the

relative velocity vector is now known, along with the

magnitudes of each perpendicular arm of the axis which

make up that cross-track ellipsoid. Throughout the deve-
lopment of the program, the reliability of each major sub-

4 . program or element of the main program was examined in a
variety of ways. All of the program elements concerned

with orbit determination were verified by using data from

examples previously done in the references from which that

element was developed. Only high correlation between the

output of that sub-program and the "book answer" insured the

proper functioning of that program element. The matrix

manipulations in the latter part of the main program

were verified by examining output matricies during inter-

mediate steps and calculating, by hand, certain elements

of the matrix found in the subsequent step and comparing the

corresponding numbers. This technique assured the reliability

of the intricate matrix manipulations used in the propagation

of the initial covariance matrix to the intercept point.

1 ...
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III Program Execution

With the theory now modeled, the program is now ready

to produce the data required from which appropriate con-

clusions can be made. The launch site was held constant,

and a variety of'target orbits were examined to make up

one senario. For each orbit examined, varrying times-of-

flight for the interceptor were used until an elliptical

family of intercept trajectories were found. Then the

time-of-flight was slowly iterated over this elliptical

range to produce a quantity of intercept points and, hence,

ctwo-dimensional position error data at each point. This

array of data was examined and the minimum horizontal and

vertical position errors were extracted along with their

corresponding time-of-flight, which indicates on what type

of intercept trajectory they occured. Also, plots of the

cross-track error ellipsoid foot prints were made for the

first and last elliptical orbits in the family and also for

the cases of the minimum horizontal and vertical miss

distances.

C2
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Results

In implementing the program to generate data, many

target orbits were examined. For all the runs used, the

launch site was fixed along the equater with zero longitude.

This located the site along the first point of Aires,T

long the Xunit vector in inertial space. Due to the
k

restriction on the geometry of the intercept orbit (it must

be elliptical), many of the target orbits considered

yielded too little information to be examined for definite

conclusions. This was done to the fact that there were very

few elliptical intercept paths that could be flown against

them. Thus, in this section only two types of target orbits

were considered. A direct polar target orbit which passes

perpendicular to the site was used along with a moderatly

inclined orbit which also passes perpendicular to the site

(see Fig 7), (see Table I). Initially, cross-track error

data was obtained by varrying time-of-flight for the inter-

ceptor and up-dating the satellite's position from epoch by

that time-of-flight. This technique gave the range of

elliptical intercept orbits over a segment of the satellite's

orbital path, the eccentricity of, each target orbit was

set at zero (circular orbit) and .7. (moderatly eccentric)

to obtain data sets for comparison. Initial covariance

values at burnout were found by inputting sigmas of 10 meter

244



Figure 7.Polar (A) and Inclined (B) Target Orbits.
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Table .I Target Orbits Examined.

Target Orbit # I: Taret Orbit # 2:

-o7/5i- Le)-o/6/
/ . /o- 8  t a V. Z

A.~ 90D
.. C 270 0l- Z7o

"C= =°  o °l

Target Orbit # 3: Target Orbit # 4:

( ZOo 0  v0- / 71626

26



in position error and .o3o49 meters per second (./ foot

per second) in velocity error. Then two other data sets

were developed by first zeroing out the position error at

burnout and then the velocity error. This was done to

examine the sensitivity of the resultant intercept error to

burnout position and velocity errors. This cross-track error

data for each target orbit is summarized in table II.

Plots of this data, cross-track error vs. time-of-flight,

can be seen in Figures (8 to 24). The parameter "circular-

ized cross-track error" was developed to combine the two

axis errors, as the other plots show both error ellipsoid

axes plotted as they propagated vs. time. It was found by

determining the radius of a circle with the same area as

the ellipse represented by the two axis lengths of the

cross-track slice of the error ellipsoid at the intercept

point. Next, identical data computation scheme was used

to examine error propagation when just one point on the

target orbit was used as the intercept point. Here, the

satellite's position at epoch was determined and held con-

stant as a family of elliptical intercept orbits were com-

puted for various times-of-flight. These intercept orbits

were used in the error determination to examine the effect

of orbit geometry on the intercept error growth. The

corresponding data range is shown in table III.

27



Table II: Intercept Errors Over Range of Target Positions.

Target # 1.

Booster Burnout Errors: Position /0 *7

Velocity .o0' 4

Variance in the Principal Axes Lengths (M) .

Variance in the Circular Error Parameter (M), 31.Z7- 71-.9,Z

Booster Burnout Errors: Position /x/ -A

Velocity 0. 03698 / C

Variance in the Principal Axes Lengths (M): 2.
'39. 11 -:..84.

Variance in the Circular Error Parameter (rd)- Z8.Ls- 7499

Booster Burnout Errors: Position 10/4

Velocity / X0/0"s -3.

Variance in the Principal Axes Lengths (M): O.0 - . a
2.Z. .9 - -F . I's

Variance in the Circular Error Parameter (M): 9.sy-I.9

Target # 2.

Booster Burnout Errors: Position lO f

Velocity 0.0 30¢8 I"/f-c
ZO.5 - 8.4k

Variance in the Principal Axes Lengths (M)s 107. '?Z.

Variance in the Circular Error Parameter (M): ZS.z5- (7.65-
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Table II (cont.

Booster Burnout Errors: Position /x /0 Al
Velocity 0. 036qle M/e

Variance in the Principal Axes Lengths (M):: . 28.2Z3 " 47. ' -

*. Variance in the Circular Error Parameter (M): I5.79-6?.7/

Booster Burnout Errors: Position /0 Al

Velocity /X 0-5/S/

Variance in the Principal Axes Lengths (M): /.?&-3.0/

Variance in the Circular Error Parameter (M): 9.70-9. 79

Target # 3.

Booster Burnout Errors: Position /0 'M

Velocity O. 0 3o43 a /sc
2.0.7Z' - 40.46

Variance in the Principal Axes Lengths (M), - 0

Variance in the Circular Error Parameter M): 23.4 - '8.63

Booster Burnout Errors: Position /4,D-& A

Velocity O.o3o45 /-v

Variance in the Principal Axes Lengths (M): /9.19- 14.76
23.01 - /40o. 88

Varinace in the Circular Error Parameter (M): Z/. I8- 7f. 8'-
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Table II (cont.)

* Booster Burnout Errors; Position /0 M1

Velocity /K/O) "  /j'c
6.44 -1.1

Variance in the Principal Axes Lengths (M): /3.Z8-? .5"7
Variance in the Circular Error Parameter (M): . ?-/6.Zz

Target # 4.

Booster Burnout Errors: Position /0

Velocity 0.030#98 '/Me-
0- ./

Variance in the Principal Axes Lengths (M): . /39.08

Variance in the Circular Error Parameter (M): Z/.36-74.49

Booster Burnout Errors: Position IK( /,D A

Velocity 0,0304S "/S6

Varinace in the Principal Axes Lengths (M): . iZ7.09

Variance in the Circular Error Parameter (M): /S.S8, 7- 87

Booster Burnout Errors: Position /4

Velocity /'/0 -8 */ dC
6.?.-- .zz

Variance in the Principal Axes Lengths (M): /3.17 _'q 3/

Variance in the Circular Error Parameter (M): 9.43- j-.
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Table # III: Intercept Errors for a Singe

Family of Intercept Orbits.

Target # I.

Booster Burnout Errors: Position /0n

Velocity 49.0 3o4 8 /Sdc

Variance in the Principal Axes Lengths (M): 444. .7 - fF3.77

Variance in the Circular Error Parameter (M): 3/./. 7g.r,

Booster Burnout Error: Position / "

Velocity .63O 8 0 /d-c

Variance in the Principal Axes Lengths (M): z.4 38.86

1% .46 - 14-07
Variance in the Circular Error Parameter (M): -

Booster Burnout Errors, Position 10

Velocity I o -  M/WC

Variance in' the Principal Axes Lengths (M:

Variance in the Circular Error Parameter (M): .r.. S7

-' Target # 2.

Booster Burnout Errors: Position /0,,%

Velocity D. 0"O0 3 8 V.0

Variance in the Principal Axes Lengthd (M): /f.4Z- 5/.

Variance in the Circular Error Parameter (M): ZS-.65-- 7298
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Table # III: (cont.)

Booster Burnout Errors: Position / D ,$ / I

Velocity 0.03a4B 3 /$c.

Variance in the Principal Axes Lengths (M), V. f 9 - /39. IF7

Variance in the Circular Error Parameter (M): Z3.e7- 69.38

Booster Burnout Errors: Position /0,41

Velocity /x /o0 "/Sdc
S*."/- 3.7$

Variance in the Principal Axes Lengths (M) ,f

Variance in the Circular Error Parameter (M): (j I

Target#.

Booster Burnout Errors: Position /) '1

Velocity 0. a48 /S
/7.39- 37.?3

Variance in the Principal Axes Lengths 
(M):

23. 14 0 . ita

Variance in the Circular Error Parameter (M), 2/.s- 7Z.98

Booster Burnout Errors: Position / /0 -  -*
* IVelocity 0.03048 '/Sc

Variance in the Principal Axes Lengths (M): /$.3 - 37.".-20.1) - Z.e

Variance in the Circular Error Parameter (M): 9-47
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Table # III (cont.)

Booster Burnout Errors, Position 1
Velocity I I0 "  S

: 7.25- z.s
Variance in the Principal Axes Lengths (M), /2.20- .

* Variance in the Circular Error Parameter (M): c. 0 1.2- 5 -7

Taraet # 4.

Booster Burnout Errors: Position /0

Velocity 0o -O4 0/ 0-4

Variance in the Principal Axes Lengths (M): Z.5- I57.

Variance in the Circular Error Parameter (M): Z2.d- 73.29

Booster Burnout Errors: Position X I0 - b

Velocity 0. o-o4% -4/sc

Variance in the Principal Axes Lengths (M), 05,

Variance in the Circular Error Parameter (M): .

Booster Burnout Errors: Position /0 w.&j

Velocity /0 -  /
7.02.- Z. II

Variance in the Principal Axes Lengths (M): .

Variance in the Circular Error Parameter (M): / .9$ /O.71t
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FIGURES 8 -11.

Data for the Range of Target Positions

~TAGT#1.
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FIGURES 12-15.

Data for the Range of Target Positions

TARGET # 2.
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FIUES 20~

Data for the Ranae--of Tar-me Positions

TARGET # 4i.
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FIGURES 2~4

Single-Family of Iiiterce-pts

TARGET # I.
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FIGURES 28 31

Single Family of Intercepts

TARGETL#2.±*
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FIGURES 32 -35.

Single Family of Intercepts

TARGET # 3.
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FIGURES 36 39

Sing~le Family-of Intercepts

TARGET # 4.
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Conclusions

In analyzing the results, the first obvious con-

clusion is the fact that shorter times-of-flight give the

smallest miss distances at the intercept point. This

observation is consistant throughout the data analysis

and does not depend on orbit geometry. But this fact

was an expected result in that, due to the linearity of

the propagation routine and a bit of common sense, the

errors should increase as the interceptor tracks further

down it's orbital path, as the times-of-flight become

larger. In comparing like target orbits which have diff-

erent eccentricities it was seen that the eccentric orbit

yielded smaller intercept errors for the same time-of-flight.

The length discrepencies appeared in both principal axes.

This fact indicates that the resultant intercept error is

dependent on the eccentricity of the target satellite's

orbit. Comparing data for identical times-of-flight

between the two different geometry orbits considered,

it was evident that the inclined target orbit gave the

smaller intercept errors. This suggests that the inclina-

tion of the target satellite has a definite effect on the

final target miss distance. But a much more extensive

examination along this line should be attempted before a

definitive statement concerning this effect can be made.

74.



The most generalized observation that can be made in

examining the results concerns the magnitudes of the

computed errors themselves. The fact that these one

sigma errors, represented by the circularized error para-

meter, typically range between7--/.3 and 7'l-meters indicates

that the final free flight intercept position is known

better than the position of the target itself. For the

purposes of this study, the target's position at intercept

was assumed to be perfectly known when in reality it's

three sigma location is only known to the order of about

500 meters. Now comparing the same target orbit data

while initial position and velocity errors were nulled

shows that the final intercept error is mainly dependent

on initial booster velocity errors and is not very sensitive

to corresponding position errors at the burnout point.

Finally, in examining the plot of the circularized error

parameter vs. time-of-flight it is noticed that, for all the

cases considered, it is a straight line increasing over time.

This result was also expected, as stated previously, due to

the linearity of the error propagation over time and this

fact lends considerable credibility to the computed data.
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Recommendations

Throughout the development of this thesis, and

especially in the final stages, I became more and more

aware of the many things that could, and should be done,

for which I just would have time. The next step in the

utilization of the program would be to alter the logic so

that the covariance propagation is done from an actual

burnout point to the intercept point. Because of the

initial assumption of an instantaneous burn of the booster,

the program propagated the covariance from the launch site

to the intercept point. An appropriate burnout altitude

could be inputted as a variable and it's location on the

path of the intercept orbit could be found. It then remains

to use this location to begin the covariance matrix pro-

"* pagation to give more realistic results. Another interesting

area which could be examined is the development of a contour

map of time of launch for the interceptor vs. cross-track

error for various times-of-flight. Considering a certain

launch time, corresponding launch and intercept points

could be found and a family of intercept orbits computed

between the points along with the associated miss distance.

Then the launch time could be increased and the process

repeated until a wide range of launch times have been

considered. Appropriate conclusions could then be made as
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to the effect of the time-of- launch on the ultimate inter-

ceptor's error at the target point. Also of interest might

be the examination of the sensitivity of the interceptor's

error to intercepts on different passes of the target rel-

ative to the launch point. Here, hopefully conclusions could

be made as to which revolution of a target should be used

to fly the most accurate intercept trajectory against.

In the implementation of this program, I see that I've

* just scratched the surface by finding the cross-track errors

at the intercept point and doing the rather general orbit

geometry comparison. This groundwork has been laid in hopes

that follow-on research would be attempted to further broad-

en the knowledge on this subject.
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APPENDIX A

COM-,PUTER PROG2RAM

-I9



01IP-NSI rPJ Y A (H Vf) ZA (490) pA 'Y (8i0) ,rr(40) ,OEP(400)

C0Ht!N/sIrcEf/LATI ,M

COMPLEX !.JW
REAL L.AT L04'IILATL ONG
rEAL N4J ,M4Giq1AC2,Li, L2
INITEGFR rG

C+-C~jk F'ZrOI P~GATION FIR SRUN0-T0-'1A7ELLITE ELLIPTICAL
C- -1 INTERCTOT OPF4IT' TO FYAM'qE ",.E.D. ;ROW;H- OF BOOSTER~ COVA--,IANCE

4 444 4 W

P~kINT 58
PPINT 38

86 P 0!-4AT ( 1X 121 iPtf

KLM=O

il 11I*:1.3!0TO22

CD=a
LV

C INPIJT DATE

/4'-



READl ,DPv'
RE A 04LAT T, LONC-7 HI TI Mc-9 3Y 9THEr 1;)

-IIINT* , "c-AR I A CE V ALUES DOS IT 104 EP:;O;=, RP, 9)
P~1T, VEL0^VlTY EPR'0k=-,VPI"(M/SE )"

Rp ( RP/6 38 14 ) 1 *2
'JP cVP/9r; .36828)4O"2
00 15 I=i,3

COV(J*J)=VO

Y0A (t)0 .0

ZA (1) =0.
ARY(M=0.

9 TT (1)=0

C COM~tJTT LCAL '.1T0EPIAL TI 1F OF LAJ' H SITE

CALL LSTImr

THETA=3J 
4A

C COMOIJTE TI -_TIAL CORUIN TFS OF .JICH SITE

CALL S!T'c(XyV,7 9VXv/y ,VZ)

C CO'3'T=- ITITIAL SATELLIr D331TIO4

CALL 0IU17XiVT7IVVV~I',JZIRp/0,A)
I J=i3
JJJ=li



C UPDATE SA77LLT'c- POSITIONJ rO INTE ,'EPT cOINT

)T=XlI' I + Y *VYI+ 7 14' V71

I~IO.E).5)'OTO i9

CALL L0OCArE( Xr-9~nFG 1 0ZZ%

R2c 7! +", VI'T

V, =0*X rG X

V=SqrT(VJ3?42V'2+V4.#*2)

C C.rJlc0: '%IT PFflUIR-EO D 'ORE INrERCcPT

Yl=Y/'AGi
Z1=7/MAGI
X2=Rl/'IAG2
Y2=R2/lAr(?

r)PXi#X')+Y iL Y 2+Z172
4UiCOS U)J)
CALL GAUSS( t4IJAGI1-4 G2-1-9;q)G ,L0)
IP7(LM.EO0,i)GO TrO 77
IF(LM.E).CGl TO 77

V12=(R2-F'Y) '53

V13=0 3-r173f



VT 3= (OG,*:Z3 -) !G~

VVS=SQRT( kT1'" 2+VT2**2+1/TIF 02)

0JTl=X" VI 1+y" 11I2+Z*VI3

ECC I+0 -O. -1 1VIr

E?=C0*Y-!J1t1'VI2
E E C-3=C, ?-)I' 1V 13
rEIJ=SOIT (71' ~?*+ rE2*42- +E3* F 29
TI=7

C QPANCH-cLLI-TIrAL CR HYfDE ILIC INTR~CEPT OK9IT

IF VO.GTl) GO TO 50
GO TO 59'0

229 ORINT4,"4lJ ELLIPTICAL IN77R,'=PT 3R3rTS POSSIBLE FOR GIVEN DATV'
STOO

50 IP('(K.ErO.1)G) Tn ill
77 T=T +.lI

IF(T.GT.20.)IO TO 229
GO TO 78

5 C CONTINUIE

C IEVEL03 74;7 STA'E TRANSITI)D4 HATRIK

51 Ji
LL=0
D: I

XW=X+TW'
YW=Y+T'4
7W=7+TW



V4 1WVIi -TA

VSW=V13i-TW
Rl iIR
RI 2=2
RI .3R3
vIsil:v1i
V1S2:VT 2
VIS3=VT3
Xc =Y W
*r*C Y
ZC='7

V2C=VI2
v3CV13

,OT:XWOVII+Y~q*t2+4VI 3

CALL FINIY(Y flTqR ,voT'),4)
CALL LoJCAT (Xx ,'OVVFG, ~,c2, ZZ, t

R 2= YZ CG + I v2

R =S RT I7 +- 2 2, + (R 3

V=?RT(V'.+ 4 V~.
C HFCK (1,1)= ( U-P'Ii/TW
C-'FC'< (2#1) = ("l--z'2)/TW



CHECK(3,I) (43-VIS3) /TW

JF(I. E0.1) '7O TO 72
I r(T, E1.2) GO To0 73
IF(I.EO2.3)rG0 TO 74
T F (I. F".4) SO TO 75

-'IF(I.EI 4 5)-,o rTO 76
IF(1.EO).6)0 TO 9b

72 1=2
RlozSORT ()(11 ?+YW-A 4 2+7#2)

*DO T =X 4 /4 +Y 1#V12 +7 *V 13

YG,=YW
GO TO 19

73 I=3
4,0 SOr\T (7 W* '+Y '2 2+X* 92)
0OC'T=XVi4Yl-I2+ZW*VI3
YC=Y

GO TO 9

RO='SnRT (XI I 2+* 2+0*P)
vo sr( I 12+ 12 +I p17
DOT=X4*JlW+Y*,!I 2 +7 %113
ZC?7
VI C = V 1
Gu TO 99

75 I=5
VC=Sr)FT (VI'L 1 +V2w*,2+V13F F 2
DOT=XVi4~'''2W'VL3
VIG=VII

* GO TO' 99[ e VC=SRT (I I 12 VI* 2 +040,0 2)



7 --A.G 09 AIR FORCE INST OF TECH WRIGHT-PATTERSON APB OH SCHOO-EYC F/B 16/2
ERROR PROPAGATION FOR GROUND TO-SATELLITE ELLIPTICAL INTERCEPT -ETCCU)
DEC 70 N J VON PLINSKY

UNCLASSIFIED AFIT/GA/AA/78D0GR

2H
MENEMllffflllff



DOT X V II1+ VJII24!#-V,4W
V2C=VI2
V 3C=V34I
LL~i
GO TO 99

96F C ONT INU E

C COMPUTE IPJAT~En COVARIANCE 4ATRIX<1CALL MULT(ZVHE-,KqCOVtC,6ps,)

00 7 J=195 *
7 9 (I, j)=CHc*"K(J 7 )

C EXTR~ACT POSTTION. SUc!-ELEM~'JT3 OF '.)ARIANC E MATRIX

DO 2 I=193
DO 1 J1V3

2 CONTINUE

c ALIGN COVARIINCF ELEMENTS EL)NG S~tEt.LITE TRACK
C*4 ****-04#**w f *** f

VXRVTi-VL'
VYR=VT2-V:s
V7R=VT3-V-
Vi =IzQQT (IXR 112 +VY R4112 +V70%, F2)
VXY=SORT (VXR*12+VYR**2)
OP =V x U VX Y
SPX=VY:RvxY
PZ=ATA.14 (I7R/VXY)
RCT (1,1) =^OS( P7) CPX
QOT (1,2) :20S(?7) .SPX

ROT (2, 1) =!-PX



ROT (2, 2) ="'P X
ROT (293) xv 0

ROT7 (3, ? ) =-I N P7)*~S PX

ROT (3,93) O(Z
CALL MJROP~0jqq;
00 8 Izi,3
no 5 J%193

CtLL MLR(000:EvEE93v3,3)
00 Ii t111

ii ONTINUE

C COMPUTE 0;RD ELL1PS0IO 7'SJ6.TS

CALL FIG:ZFfC)vp.,22 wl-iIZ,(,lrI

4-N,ANG E~e?,1i596r-35

LizUWi)
L2=W(2)
VC(LiL2. ,t*3,)rO" i

TM=Tl 13 o.'SSS57F
b& CONTINJE

CEP=SCRTfL1*L2)
#')V=VI 70 453E52B K
LK(LKt1

PRI 47","TTME TO INTFERCEPT:or,T,(4Iq) 9ftT,-(TUW'
P ~JT* 9 ELL IOTO AXES L-1:4T451

PF14T~q* esL 2 v "4)



YA(CD3L1

YA (CD) =Lt"ITT (CO)=T
ARY(I)Li
ARY(J)=L2
OEP (CD) 2CEO

Ica T=T+IFP o325

Go To 78
27 CALL Pt.OTk(Av7,ZTTARY9C)I

IF(III.Eq.t)G0 TO 66
GO TO 111

66 CALL EiR(0EPTTCO)
Go TO l1i1

222 lF(K(LM.E%1.2)GO TO 223'
1100

PklT9

Go TO Li1
2?3 CALL PLOTE

STOP
END



-. SUqROUT'IlE LSTIrkE
COt~rlOM TH4ETA

REAL LCNGAiLONG

LONn=LJNI#PT/ie0*
TIT ME=TI ME/243 0.9 OAY=DAY.TI4E

ENI



0014~

SURRoUr'INE SrTE(XtypizPVXPVY~VZ)
COMM'ON T'4ETA
CO'iMONS IT. FLAr ItHI
REAL LATLia

L AT=LAT I*PI /iS 0
H=HI/2. n9255?2! IE7II XI=(AE/ (i.-E'42.4SIN(LAT) 2 .) **. 5,-I)aCOS(LAT)

VX=-VE.ART'Y'

RETUR~N
END



StUTl4E MLT~vBCL*4,'4)

00 104 lziL

DO 106 K=I%.N
It$ ~30(JsK)=&%(Jg'()

I 90 112 I=IPL
I flO 112 J=19N

00 i? K19~4

00 116Ii,
00 116 JjN~

1116 C1IgJ)=CD(IJ))
RIFTURN
END



SUBR0L'TINF llmLR(AP9Oqq4)

2C 00 ?o08 Jai ,M

24 AR (1,J) =4 (1,J)
n0 208 KaltNU268 9C (J, K) =P(J P10
00 212 I1,L

00 212 J=19N

1212 C, 9J) a'(I1,J1 +AP.(9 K)Uq;( J)
00 216, 11L
00 216 Jzl,N

216 O(I9.J):C1(IJ)
I RETURN

*13



R EA L I
READA,A,EI ,OM~AW4EGAA~34fY
IFC(EOFC(iLIN PIPT)*NE*D) STOI
PRINT* 9 St\'TELLITE #S ORBITI. ELEME4JT3 (A ,EqIOMEGA pWM=EGAAIOPALY)t
PRINT4,'11141400lf#0 -',AqcE,3EGa, ~lEGAjflNOMYq**##440#4

P=l(l.-E' 2)
Z=3o*1415926 5 q /180.

o tlEGA OME~GA*7
WMEGA=14MEW'!
ANOMY=ANOMY'!
R=PI(.4EV0C0(AWOMY))

3(3,i)=R0F. (N0Y

3)(39)ZO.

0(i2)=i./C*9S(EAC( SIA(GA)CO(WEGACO(I

F(1,1)=sIN-'(OIEGA)*COS(WM?;3*) +-S(3)'lG)SIN(WMEGA)*COS(I)

1)(3q1)=SIN(0WfEA) *CSN (W=CI)S 3-G)SN(WEA CS(

f) C 3)=C05(W1E6fl 4 SIN (I)

0(3q3)=CO5(I)
CA\LL MJLT ( 193 9C 93 939 1
00 li K'193

SS (K~i)=C(Ki)

CALL M'LT091%C,3,39i)
xr=ss (1,1)

Yl-SS(29i)

14 -4



TI =S (3 1)

VYI=C(291)
V71=C(3 9 )
RG=(XIP4,Z.4Yt*2. +7IrA42.) ~.
VO=(VXIyg*2@+,JYII ,2#+V?1*,2)pv*5

A=A3S (A)
R~ETURN~

Eff 0



CO!!MON/TIME/T
X=T/A

I Z=XV*2./A

S: CI.-TO()ST't (7)T) ) )I(~f

OELT=T-TT

(XD+ELT/DT
GO TO 1

10 P-?Tq4OVRrC NOT III)E--X=-,X
20 X)(= X

RETURN
E40



S'J9RCUT INE LOC A7E(XR O V 3 9G 9S v , Z7,94A
COMON/TIME/T

G:T-XX- *3. S

ZZ=7
RETURN

II



S~jq~otJTINE GAUSS(NUsMAGi,4 32FIG93YLM)
COM40N/T I wFT
REFAL NJ,4C1i,'4Ar.2

LM=G

1=0
Ir(?.Gr..25)G3 TO 55
IF ('.LT .-. 25) GO TO 57
GO TO 59

S= (SOPT (7) -SN (RTM S)RT 73'4,3)

GO TO 50J

OS=i./12O.+2.*7/5040-3.*''2'3b265J.+' * Z'"3/399ib8O00
GO TO 50

59 C=t .f2. -'/24. * - 2/72 0.-'FfVt. 032g.o

GO TO 50

IF(Y.LT.3)GO TO b8
X =SIRT ( Yf/C)
T T X 43 * +SAO 5nT MY
DELT=T-TT
DEL S=A3S( PELT)
IF(DELS.LT.i.E-r)GO TO 13

Z=Z+DELT/DT
IF(I*Gr.56);0 TO 80



GO TO 1.

IF(7*Lc.O,)GO TO 88
G=AA4Sr)RT(Y)

LM=2
GO TO 33

8C Lm=O
GO TO 33

88 L4=1
83 RETuRN

* ENO



SUBPOUT'4E P,.DF(YAATTkRYCO)
INTEGE.1 '"DCO
DIM4ENSION Y4(40V),(40,T'0),Yi)
Cr~i=CD+i
CD2=CO4+2

CALL FLOT(B.,-2.59-3)
CALL PLOT(0.qto.'? 9-3)
CALL PLO'r(3.,8.?5-2)
CALL PLOT(6.299P.9-2)
CALL PL OT(0.,-8.759-2)
CALL PLOT (-F6.7?590*-2)
CA~LL PLOT(. 759 .759-3)
CALL SCL(TT5.,CDpi)
CALL SCALE( AYt t -I.259CPgi)
YA (CD+i)=ARY(CP+1)
YA(CD+2)=tRY(CP42)
ZA (CL) +1) zt.Y ( CP 1)
7A(Cn+2)=A'Y( l402)
CALL AIS(0.,O.,19HTIME-13 -FLIGHT (TI,) -19,5.,o.,TT(CO1,TT(C)2))
CALL AXIS4(o.,0.,Z±HCROSS Tjt-OK ER:Z3 (M)q21q7.2 q90.qARY(CP+I)qAjY

U(CP42))-
CALL LIN-_(TTVACD,1, 0,0)
CALL LINc_(TT, 7 ACDp1,0,0)
RETURN
ENO



.1 SU9ROUTIAF EIR(CE0 ,TTqC0)

IN4TEGER C)
CALL PLOT('I.1-2.59-3)
CALL PLOT ( eq i375,9-3)
CALL PLOT (0.93 .7-5 -2)
C4,L L PLOT'(5.,5,9-)
CALL PLOT (0 .9-8.75-2)

CALL FLOT(-5*250.9-2)
CALL FLOT(. 7 3,.75,-&)
CALL SZALFcr," ,C'i

* ~~~CALL SCALE( DE0,7.25,CC-oi) U)-9.,,TCOi
CALL AXIS(O., O.,19HTIME-Or-FLIGHT (T,-95q0pTC+~ TTC0C0 +2i

CA~LL AXI3(9.qne,34HCIRCULMI!ED :13S-TRACK( ERROR Ct)934,.972593O.

RETURN
E N C



Vita

Michael J. VonPlinsky was born on 24 September 1955,

in Rochester, New York. After graduation from High School,

he attended the Pennsylvania State University, receiving

a Bachelor of Science degree in Aerospace Engineering on

28 May 1977. Upon graduation, he was commissioned in the

United States Air Force. In September 1977, he entered the

Air Force Institute of Technology, Wright Patterson-AFB,

Ohio, as a resident graduate student in Astronautics.

Permanent Address: 1339 Towerlawn Drive
Monroeville, PA 15146

4,



L),uc(4lW/jc" ) /eL '-7
SECURITY CLASSIFICATION OF THIS PAGE (*Wont.Entered).,-,

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
BEFORE COMPLETING FORM

1. REPORT NUMBER 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER|l AFITIGAI I?78D-8
T5. TYPE OF REPORT 4 PERIOD COVEREO

Error Propagation for Ground-to- Satel- S T esi• MS Thesis
lite Elliptical Interept Orbits to Ex- 6. PERFORMING O G. REPORT NUMBER

amine the Err or Ellipgoid Crowth.
7. AUTOR(s) S. CONTRACT OR GRANT NUMBER(O)

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT. TASK

r AREA A WORK UNIT NUMBERS

Air Force Institute of Technology (AFIT-
-! EN) Wright-Patterson AFB, Ohio 45433

II. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

December 1978
13. NUMBER OF PAGES102

14. MONITORING AGENCY NAME & AODRESS(II dillert t.m Con iroJlJng Ofice) 1S. SECURITY CLASS. (of this report)

Unclassified
mIS. DECLASSIFICATION/ DOWNGRADING

SCHEDULE

14. DISTRIBUTION STATEMENT oI this Report)

Approved for Public Release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, It different from Report)

Is. SUPPLEMENTARY NOTES Approved for public release; IAW AFR 199-17

JOSEPrP.H USAF
Direzt-f InoP lo

IS. KEY WORDS (Continue on reverse side if necesary and identify by block number)

Error Ellipsoid Miss Distance

Covariance Propagation

Intercept

20. ABSTRA T (Continue an reverse side If nece~aary and Identify by block number)

irrors from the intended performance of a system, composed
of specialized components, could be due to any number of sub-sys-
tem fluctatins. This thesis will examine the effect of these re-
sultant errors of the mission of the system Involved. In particul-
ar, errors in an interceptor's booster performance (seen as pos-
ition and velocity errors at burnout) will be propagated along the
interceptorls orbit to a given target point and the resultant -

DDoR 1473 EDITION OF I NOV65 IS OBSOLETE Ll-C,4 vs le 0
SECURITY CLASSIFICATION OF THIS PAGE (len Dte Inteeed)



SECURITY CLASSIFICATION OF THIS PAGE(#,n Dote Entemd)

error at the intercept point will be found. A range of intercept

orbits will be examined to determine if there is a family of par-
ticular intercept orbits that give the minimum position errors at
the intercept point. ConclusionS will be made as to what typical
trajectory should be flown against a certain type of target so as
to minimize the resultant free flight error propagation to the
intercept point.

, C

SECURITY CLASSIPICATIOi OF T " PAGEIhUD iww


